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Persistent Homology and Map Digitization
Sitan Chen

I. INTRODUCTION

A. Map Digitization

The field of geoinformatics is concerned with the
retrieval, storage, analysis, and visualization of spatial
data. In light of the rising need for highly modu-
larized, easily navigable digital spatial data among
earth scientists and geographers, coupled with the
abundance of undigitized physical maps, it is becoming
increasingly crucial to develop fast and robust methods
for automatically converting these physical maps into
efficient digital representations.

Lee and Su [9] identify three levels of map digitiza-
tion stratified by complexity of the features extracted,
the one highest in feature complexity being the task
of segmentation and recogniton, respectively extracting
graphical features like borderlines and textual features
like building names. We first review some prior work
related to this task.

With respect to recognition in maps, most major
work has been in the domain of text detection rather
than OCR and has drawn on techniques in the domain
of connected component analysis, the algorithm due to
Fletcher and Kasturi [4] being one of the major players
in this class of methods. Tombre et al. [16] adapted
Fletcher and Kasturi’s algorithm to text detection in
graphics-rich documents like engineering drawings and
maps by building in a constraint on the possible size of
a text component. Cao and Tan [1] likewise achieved
separation of text with connected component analysis
by noting that the lines constituting textual symbols in
a map are typically shorter than the lines constituting
graphical information. Li’s [8] key addition to this
technique was to process lines and text in a map in
conjunction, using street line orientations to inform
judgments about groupings of characters given by
connected components.

With regards to segmentation in maps, there has
been a significant body of work centered around
vectorization of borderlines. Ramachandran [15] used
run length encoding to compress map images into a
representation that preserves the relevant borderline
information. On the other hand, papers like those
of Masavi et al. [12] and Lee and Su [9] process
borderlines by “thinning” them to single-pixel width

and directly computing geometric properties of these
borderlines like endpoints and intersections. Kaneko
[6] adopted the approach of identifying landmark
points on contours called “line cues” and fitting lines
to these cues.

With respect to segmentation and recognition, in
[17], [18], Yamada et al. developed an algorithm which
achieves both by detecting lines in maps using a
directional edge detector, digitally reconstructing those
strokes using morphological operations like erosion
and dilation, and separating them from the remaining
shapes in the map which should be text. The collection
of operations in the so-called “MAP” (multi-angled
parallelism) algorithm was refined in the subsequent
works Pezeshk and Tutwiler [14] in order to classify
sides of characters and short lines more accurately.

We will focus on the problem of segmentation and
propose a solution that represents a marked departure
from the above techniques. The crux of our approach
will be a topological rather than a geometric one, and
in the next subsection we sketch the main ideas for the
body of work we will draw upon, deferring a rigorous
treatment of the definitions involved to a later section.

B. Computational Topology

Topology is the study of classifying spaces up
to homeomorphism, i.e. continuous deformation. The
point of algebraic topology is to carry out this clas-
sification using algebraic invariants. Specifically, we
want to assign to spaces some algebraic objects, for
example the group of homology classes of a space,
such that two spaces which are equivalent to each
other up to continuous deformation get assigned the
same algebraic object. To check whether two spaces
are distinct, it is thus sufficient to check, for example,
that their homology groups are not isomorphic.

The motivation for applying topology to computer
science is that many problems in data mining, machine
learning, and computer vision often involve the anal-
ysis of large point cloud data sets. In our setting, say
we wanted to study some scanned image of a paper
map given by a cloud of black pixels P . If we assume
the points in P are sampled from some underlying
topological space X , e.g. a smooth manifold, then
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to study this space we can just study the algebraic
invariants on X . Of course, we don’t actually have
this space readily available, merely an approximation
given by P , but out of any such P we can construct
a filtration of chain complexes {C(ε)}ε parametrized
by the “scale” at which P might approximate a space.
Each of these chain complexes can be geometrically
realized as a topological space X(ε), so to study the
topological features of our scanned map, it suffices to
study the algebraic invariants of any one of these X(ε)
for a good choice of ε.

Unfortunately, it turns out that homeomorphism can
be a fairly weak measure of equivalence between
topological spaces: it’s an old but relevant joke that a
topologist can’t tell the difference between his coffee
mug and a donut 1.

The key development shortly after the turn of the
century that marked the inception of computational
topology as a viable approach to analyzing big data
provided the answer to this concern. Edelsbrunner
et al. [3] conceived the notion of persistence, which
roughly speaking calls for one to consider 1) not
just a single X(ε), but every X(ε), 2) not just every
homology class among all the X(ε), but those which
“persist” the longest as we go across the spectrum of
possible scales ε.

The implication is that with algebraic topology,
one can visualize entire datasets with just a simple
“barcode” of lines, one for each homology class i, with
length equal to the range of scales at which i persists.

As the level of generality of this approach suggests,
persistence and computational topology have found
far-reaching applications in everything from breast
cancer treatment [13] to gait analysis [7] to natural
image classification [5].

The application we will focus on is to the auto-
completion of contours [10]. Again, we will describe
the topological algorithm for this in full rigor in
subsequent sections, but for the sake of stating the
primary contributions of this work, it will suffice to
sketch this applications.

In [10], Kurlin developed an O(n log n) algorithm
for inferring the contours from which a noisy 2D point
cloud P of size n is sampled. The algorithm computes
the persistent homology classes of the filtration of so-
called dual α-complexes of P , and each class turns
out to represent the interior of a major contour in the
image. Figure 1 one such noisy cloud P as well as the
output of our implementation of Kurlin’s algorithm.

1The space given by the surface of a donut and the space given by
the surface of a coffee mug are homeomorphic to the torus S1 × S1

(a) Noisy point cloud P (b) Output of our implementation of
Kurlin’s algorithm

Fig. 1: Kurlin’s contour autocompletion algorithm

C. Our Contributions
While it seems unlikely at this point that such a tech-

nique would drastically outperform old, better-known
approaches, especially given that map segmentation
has been so widely studied, one can certainly ask
whether a topological approach is at all feasible.

The primary goal of this work was thus to develop a
proof-of-concept implementation of map segmentation
via persistent homology. This work’s main contribu-
tions are a pipeline for map segmentation making use
primarily of the topological methods sketched above.

We will use Kurlin’s algorithm [10] for the auto-
completion of contours in a noisy point cloud to
achieve segmentation and also use a simple non-
topological method which we briefly mention later
to facilitate this by removing extraneous text. We
will work with cadastral maps of land plots 2 for
simplicity so that the abovementioned text detection
algorithm works without major issues. Our algorithm
takes as input a scanned cadastral map, and outputs a
segmentation S of the map into the regions depicted.

Beyond this pipeline, our other contribution is a
demonstration that costly topological computations can
sometimes be made more efficient by reducing them to
quicker local computations and then extracting global
topological information from these local pieces. As a
consequence of this idea, we obtain an improvement
in runtime for Kurlin’s algorithm from O(n log n) to
O(n) under the assumption that the closed contours of
the point cloud data given as input are all small.

D. Organization
In section II, we formalize the constructions

sketched above and establish the theoretical back-
ground for our digitization algorithm. In section III,

2See http://gis.atlantaga.gov/apps/lots/ for the actual collection of
cadastral maps used in this work.
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we give a full description of our pipeline for map
digitization. In section III, we conduct an informal
analysis of the performance of our implementation.

II. PRELIMINARIES

This section is merely to place all of our work on a
solid theoretical footing, and the information presented
in subsections II-A to II-C are available in any standard
computational topology survey and can be skimmed
without detriment to the reader’s understanding of
subsequent sections.

A. Complexes and Filtrations
“Combinatorics is the slums of topology.”
-J.H.C. Whitehead

Simplicial complexes can be thought of as a gener-
alization of the notion of a graph.

Definition II.1. A simplicial complex K = (Z,F)
consists of the data of a vertex set Z and a family
S of finite sets σ ⊆ Z closed under taking subsets,
that is, if σ ∈ S, then for any τ ⊆ σ, τ ∈ S.

We call each such a σ a k-simplex, or a simplex
of dimension k if |σ| = k + 1, and if the maximal k
for which a simplicial complex contains a k-simplex
is n, then we say that K is a simplicial complex of
dimension n.

If σ consists of the vertices v0, ..., vk, then the
boundary ∂σ of the k-simplex σ is the set of all (k−1)-
simplices σ′ consisting of the vertices {vi}i∈S for any
S ⊆ {0, ..., k} of size k.

We will call sometimes call 0-, 1-, and 2-simplices
vertices, edges, and triangles respectively. Note that a
simplicial complex of dimension 1 is just a graph.

Definition II.2. The n-skeleton of a simplicial com-
plex K = (Z,F) is defined to be K(n) = (Z,G) where
G ⊆ F consists of all k-simplices in F for k ≤ n.

We will be working with the following examples of
simplicial complexes you could associate to a point
cloud P ⊂ R2.

Example II.1 (Delaunay complex). The Delaunay
complex Del(P) of a point cloud P is the two-
dimensional simplicial complex whose 0-simplices are
the points of P , whose 2-simplices consist of all
triangles σ with vertices u, v, w ∈ P for which the
circumcircle contains no other vertices of P , and
whose 1-simplices are merely all edges of triangles
in Del(P).

Example II.2 (Dual Delaunay Complex). The dual
Delaunay complex Del∗(P) of a point cloud P is the

one-dimensional complex which has a 0-simplex for
each σ ∈ Del(P), and a 1-simplex for every pair of
σi, σj ∈ Del(P) which share an edge in Del(P).

The point of introducing Del∗ is that it captures
essentially the same information as Del but has no 2-
simplices. We will be using the dual Delaunay complex
for auto-completion of contours.

B. Filtrations
Definition II.3. A subcomplex L ⊆ K of a simplicial
complex K = (Z,F) is any simplicial complex
whose set of vertices and set of simplices are subsets
of Z and F respectively. A filtration of a complex
K is a (possibly infinite) sequence of subcomplexes
K0, ..., Km such that

∅ = K0 ⊆ K − 1 ⊆ · · · ⊆ Km = K.

We can now make rigorous our notion of approxi-
mating a space at various scales by defining scale in
terms of a function from a simplicial complex to the
reals.

Definition II.4. For a simplicial complex K = (Z,F),
define a filter function to be any map f : K → R≥0.
The filtration of K given by f is the uncountably
infinite sequence {K(ε)} = {(Z(ε),F(ε)} where
Z(ε) = {z ∈ Z | f(z), ε} and K(n)(ε) is recursively
defined to be K(n−1)(ε) together with all n-simplices
σ of F such that ∂σ ∈ K(n−1)(ε) and f(σ) < ε.

Example II.3. For K = Del(P), we could simply
define the filter function f to be f(v) = 0 for vertices
v, f({u, v}) = ‖u− v‖2, and f(σ) = maxτ⊂σ f(τ)
for σ of dimension greater than 1. Denote Del(ε)(P)
by P(ε). P(α) is the α-complex of P and gives a
filtration ∅ = P(0) ⊆ · · · ⊆ P(∞) = Del(P) of the
Delaunay complex.

Example II.4. Del∗(P) doesn’t necessarily have an
embedding in R2, but define the filter function f to be
f(v) = 0 for vertices v and f({u, v}) = −d(u, v),
where d(u, v) denotes the length of the common
(longest) side of the triangles in Del(P) corresponding
to u, v. For α > 0, denote Del∗(−α)(P) by P∗(α).
P∗(α) is the dual α-complex of P and gives a filtration
∅ = P∗(∞) ⊆ · · · ⊆ P∗(0) = Del∗(P) (note that the
indexing of the filtration goes in the opposite direction
because Del∗(P) is dual to Del(P)).

C. Persistent Homology
Now that we have filtrations of simplicial com-

plexes, we can finally attach algebraic invariants to
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our point cloud P . All we need is the notion of
a “chain complex” and a “filtered chain complex.”
The following assumes working knowledge of group
theory, but we include these technical details only for
completeness. Again, the reader is welcome to merely
skim over this if he/she would like, as it is not crucial
to the understanding of our contributions in this work.

Definition II.5. A chain complex C consists of the
data of a countably infinite collection of abelian groups
{An}n≥0 and, for each n, a map ∂n : An → An−1 such
that ∂n ◦ ∂n+1 = 0 for all n. In other words, C is the
datum of a sequence

· · · → An
∂n−→ An−1

∂n−1−−−→ · · · ∂2−→ A1
∂1−→ A0

∂0−→ 0

where the composition of any two consecutive arrows
is zero.

A map of chain complexes F : C → C ′ is a
collection of maps {Fn : An → A′n} for which the
diagram

· · · - An
∂n - · · ·

∂1 - A0

∂0 - 0

· · · - A′n

Fn

? ∂n - · · ·
∂1 - A′0

F1

? ∂0 - 0

commutes.
A filtered chain complex C consists of the data of a

countably infinite collection of chain complexes C(ε)
and, for each ε < ε′, a map of chain complexes F ε,ε′ :
C(ε)→ C(ε′).

As one final step before we define persistent ho-
mology, we see how we can extract a filtered chain
complex out of a point cloud P .

Definition II.6. For a simplicial complex K, define
Kn to be the free abelian group generated by the set
of n-simplices in K, i.e. the collection of all finite
formal sums

∑
σi of some n-simplices σi endowed

with the natural group structure.
For each n ≥ 0, define ∂n : Kn →

Kn−1 sending any n-simplex σ = 〈v0, ..., vn〉 to∑n
i=0(−1)i〈v0, ..., v̂i, ..., vn〉, where v̂i denotes omis-

sion of vi and where ∂n is defined for the rest of
Kn by extending linearly. We get the chain complex
associated to K:

· · · → Kn
∂n−→ Kn−1

∂n−1−−−→ · · · ∂2−→ K1
∂1−→ K0

∂0−→ 0.

Now if we had a filtration {K(ε)} of K given
by filter function f , we have natural inclusion maps

iε,ε
′

n : Kn(ε) ↪→ Kn(ε
′) for all n and ε′ ≥ ε, and it

is straightforward to check that all the iε,ε
′
= {iε,ε′n }

are in fact maps of chain complexes. We thus get the
filtered chain complex given by f .

We can now define homology and persistent homol-
ogy. The former should be thought of as “holes” in P
at some scale, while the latter should be thought of as
holes in the actual space X that P approximates.

Definition II.7. [Homology] The homology groups
{H∗(C)} of a chain complex C are given by Hn(C) =
Ker(∂n)/ Im(∂n+1) (note that the fact that ∂n ◦∂n+1 =
0 guarantees that Im(∂n+1) ⊆ Ker(∂n) so that this
quotient actually makes sense). The elements of the
homology groups of C are called homology classes.

Remark II.1. It is a simple exercise in homological
algebra to check that a map of chain complexes F :
C → C ′ induces maps on homology {F̃n : Hn(C) →
Hn(C

′)}.

Definition II.8. [Persistent homology] Given a fil-
tered chain complex {C(ε)}, a homology class γ ∈
Hn(C(εb)) is said to be born at scale εb if for all
ε < εb, γ is not in the image of any of the maps
Hn(C(ε))→ Hn(C(εb)).
γ is said to die at scale εd if for some ε < εb, the

image of γ under Hn(C(εb)) → Hn(C(εd)) merges
into the image of Hn(C(ε))→ Hn(C(εd)).

The persistence of γ is defined to be εd − εb.
The collection of intervals [εb, εd] for all nth homol-

ogy classes γ ∈ Hn(C(ε)) for some ε form the nth
bar code of P .

Point cloud P

Simplicial complex
K (e.g. Del,Del∗, Tε)

Filtration {K(α)} (e.g.
P(α),P∗(α), Tαε (P))

Filtered chain
complex {Kn(α)}

Homology groups
{Hn(K(α))}

Barcodes {[εb, εd]}

Fig. 2: Steps for obtaining
barcodes

The upshot is that out
of a point cloud P and
a filter function f , if we
chase along the sequence
of steps depicted in Fig-
ure 2, we get a collection
of intervals that can be
used to visualize the most
important topological in-
formation about our point
cloud and the space that
it approximates.

III. METHODS

Having laid the the-
oretical basis for this
work, we can finally de-
scribe our pipeline for
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map digitization consist-
ing of the following steps: 1) split the input into
small overlapping W ×W windows Wi,j , and for each
window: 2) detect and remove text pixels, 3) compute
a segmentation of the window into disjoint regions
bounded by borderlines, 4) paste together patches.

A. Windows
The motivation for running our algorithm locally on

individual windows rather than globally on the entire
map is that we want to take advantage of the fact
that in theory, any significant topological features of
the scanned map are restricted in size to whatever the
largest bounded region on the map is.

In fact this gives us improvement by a logarithmic
factor on expected running time: whereas a cloud of
n points would require O(n log n) to output a seg-
mentation under a global application of our algorithm,
computing O(n) local segmentations on constant-sized
windows takes O(n) time, even including the addi-
tional processing that we describe in subsection III-D
to reconstruct a global segmentation out of local ones.

Concretely, we cover the scanned image with a grid
of windows {Wi,j} overlapping by a factor of λ = 1/4
(two windows W and W ′ overlap by a factor of λ
if |W\W

′|
|W | = λ), where the top-left corner of Wi, j

is the pixel in row Wλi and column Wλj. Each of
these windows comes equipped with a natural cloud
Pi,j of points corresponding to pixels of sufficiently
high intensity.

B. Text Removal
To detect text, we take the approach of Maguluri et.

al in [11] of training a support vector machine classifier
based on the histogram of oriented gradients (HoGs)
around each point. Their motivation for using HoGs
as features was that the support of a HoG around a
non-textual pixel was typically much smaller than one
around a textual pixel. We outline the details for our
implementation of this approach, though we should
stress that this step is not the focus of this work, merely
a necessary tool.

First, let’s recall relevant definitions. First, we want
to compute the magnitude of the gradients for our
image, so convolve our image with small derivative
of Gaussian kernels in both horizontal and vertical
directions and use the resulting x- and y-gradients to
compute a gradient matrix giving the magnitude of
the gradient at each point as well as an orientation
matrix giving the direction of the gradient vector at
each point. Fix an odd width n and consider the

n × n neighborhood N centered at a particular pixel
of our image. The d bins of our histogram are indexed
by ranges of angles [θ0, θ1), ..., [θd−2, θd−1), [θd−1, 2π),
where θi = 2πi/d for i = 0, ..., d − 1. The height of
the ith bin is the number of pixels in N lying within
the appropriate range [θi, θi+1).

To avoid the possibility of pixels in what appear
to be homogeneous image regions having nontrivial
gradient magnitude, we follow Magluri et. al in thresh-
olding our gradient map by some appropriately chosen
value k.

Using online data provided by Maguluri et al.
at http://www.public.asu.edu/∼bli24/icassp2013.html
in the form of labeled images of floor plans, we
trained an SVM for classifying pixels in an image
as belonging to text or otherwise. As observed in
[11] however, the decisions of the SVM alone lead to
fuzzy detected regions which include many extraneous
non-text pixels, so our text detection algorithm only
counts as text those pixels which are both positively
classified by our SVM and have gradient magnitude
higher than our threshold k. As one more precaution
against false positives, we also add the condition that
the HoG around the pixel in question has a sufficiently
large support.

C. Segmentation

At this stage of the algorithm, essentially all of the
text in the image has been removed, but because some
non-text pixels were still erroneously classified as text
and removed in the previous, what remains in each
window is a somewhat sparse sampling of the window
we started with.

To split this sampling into the regions delineated
by borderlines in our map, we first smooth the patch
of pixel intensities with a Gaussian kernel of standard
deviation σ = 0.6, collect all points P of sufficiently
high intensity, add ε-noise for ε uniformly randomly
sampled from [0, 1] to both coordinates of each point
in P , and apply Kurlin’s contour auto-completion
algorithm from [10] to fill in the sparse borderlines
in P .

Roughly speaking, Kurlin’s algorithm works as fol-
lows:

1) Compute the filtered chain complex given by the
dual Delaunay complex

2) Form groups out of vertices of the Delaunay com-
plex corresponding to adjacent triangles which are
alive at the same time

3) Identify the most persistent groups and merge all
other groups into these.
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To this end, define the following two data structures:
FOREST and BARCODE.

The elements v of FOREST correspond to vertices of
Del∗(P) and thus to triangles Tv in Del(P). Because
we would like to establish relations among these v
that capture the groups formed in step 2) as well as
the order in which they were formed. To keep track of
this order, we will model FOREST as union-find data
structure. We endow each element v with the following
attributes:
• birth(v) is the largest scale α at which the cor-

responding triangle σ in Del(P) is a triangle in
P(α)

• parent(v) is a pointer to the parent of v in
FOREST

• height(v) is the height of the tree rooted at v
• live(v) is the number of its descendants (including

itself) that are alive
• bar(v) is the index of the element in BARCODE

which contains Tv (see below).
On the other hand, BARCODE is a list of elements c

each representing a connected component in P∗(α) for
some range of α, i.e. a tree in FOREST. These are the
“groups” constructed in step 2) above, and we endow
each c with the following attributes:
• ind(c) is the index of c in BARCODE
• birth(c) is the scale at which c gets its first

member in FOREST
• death(c) is the scale at which c is merged into

another component
• core(c) is the set of all v ∈FOREST which resided

in c until c’s death
• heir(c) is a pointer to the root of the tree corre-

sponding to the component that absorbed c
• supr(c) is the index in BARCODE of the compo-

nent that absorbed c
The algorithm proceeds as follows.
Initial steps: Given a cloud P , first compute its De-

launay complex. Denote the triangles in the Delaunay
complex by σ1, ..., σm, and denote the corresponding
vertices of FOREST by v1, ..., vm. As a technicality,
also include an extra vertex FOREST corresponding to
the external region of the point cloud.

By definition of the Delaunay complex, vi ∈FOREST
is born at scale α equal to the circumradius of σi if
σi is acute, and otherwise simply set birth(vi) = 0 for
i 6= 0 and birth(v0) = ∞. As there are initially no
components in MAP and no live triangles, initialize
bar(v) to zero and live(v) to be empty for all v.

Now sort the edges of Del(P) in decreasing order
of length. The algorithm simulates descending from

scale ∞ to scale 0 by successively drawing edges e
and taking α to be length(e)/2.

Main loop: If FOREST is still disconnected, draw
the next longest from the sorted collection of edges
and set α as described above.

Denote by u, v the elements of FOREST correspond-
ing to triangles sharing this edge, and connect u and
v by an edge. We have three possibilities: 1) u and
v were already alive but part of the same connected
component in P∗(α), 2) one of u or v had not been
born yet, 3) u and v were already alive but part of
different connected components.

In case 1, we are not changing anything about the
grouping of elements of FOREST as u and v were
already connected, so nothing happens.

Now assume without loss of generality that the tree
containing u is younger than the one containing v, that
is, the former first appears at a smaller scale than does
the latter so that birth(root(u)) ≤ birth(root(v)).

In case 2, this means that u is the node that hasn’t
been born yet, implying that u corresponds to a non-
acute triangle. Add u to the tree in FOREST containing
v, setting parent(u) to be the root r of this tree,
birth(u) = birth(r). If v has already died, then u
joins this dead component so that bar(u) = bar(v).
Otherwise, u is appended to the list of live descendants
of r.

In case 3, because we are merging two trees in
FOREST, the younger component dies when it gets
absorbed the older, more persistent component. When-
ever we are in case 3, we thus have to add a new
element c to MAP. We set birth(c) = birth(root(u))
and death(c) = α, core(c) = live(root(u)), kill each
node w in the tree containing u, and set each bar(w) to
be the index in MAP of this new component. For now,
we will also set heir(c) to point to the first live node
in the tree containing v so that by the end of the loop,
we will be able to access the index of the component
in MAP that absorbed c by finding bar(heir(c)).

Finally, after inserting this c into MAP, we link
together our two trees, setting the parent of the root
of the shorter tree to be the root of the taller one and
updating heights and live(v) accordingly if necessary.

After this loop terminates, there is one more compo-
nent to add to MAP, namely the one containing v0. We
go through the same procedure for adding a component
c to MAP as above but do not set an heir as this is the
last surviving component.

Segmentation: The initial segmentation is given
merely by grouping all triangles in core(c) together for
each individual c. Sort the elements of MAP in decreas-
ing order of persistence pers(c) := birth(c)−death(c)



7

and Find the index of the biggest drop in persis-
tence pers(ci)−pers(ci+1) between adjacent elements
ci, ci+1 ∈MAP. Our final segmentation will consist of
m := i+ 1 regions, including the external region. For
each component c after the first m in MAP, starting
from the last element of MAP, determine the index of
the component c′ that absorbed c and move core(c) into
core(c′). At the end, all cores will have been moved
to the first m entries of MAP, and each core(c) forms
a region in our segmentation.

Remark III.1. This algorithm can be carried out in
O(n log n) time, the bottleneck being the computation
of the Delaunay complex and sorting of the triangles
at the beginning.

The output of this algorithm is a collection of
“segmentation matrices” Mi,j , one for each window
Wi,j of the scanned map, where the entries of Mi,j take
on values in {0, ...mi,j}, where mi,j is the number of
regions in the segmentation of Wi,j . The (k, `)th entry
of Mi,j is 0 if the corresponding pixel lands in none
of the triangles of the Delaunay complex of Pi,j , and
otherwise equal to 1 ≤ m ≤ mi,j if the corresponding
pixel belongs to the mth segment in Wi,j .

D. Reconstruction
The last step is to take the output of our segmen-

tation algorithm on each overlapping patch and merge
these segmentations into a coherent segmentation of
the entire map.

This step takes as input a collection of “segmen-
tation” matrices as described above and attempts to
consolidate topological features that overlapping win-
dows share into a single segmentation matrix over the
entire scanned image.

To motivate our procedure for accomplishing this,
we first explain why we need to consider overlapping
windows rather than disjoint ones. One issue with
computing local segmentations is that some contours
in a window, especially those near the edges, are not
closed because they continue outside of the window.
To our segmentation algorithm, such contours might
as well not exist, and as a result in many windows we
obtain segmentations like that of Figure ??.

On the one hand, this obviously prevents us from
reconstructing a global segmentation out of local seg-
mentations of overly small windows. On the other, this
also implies that most of the meaningful topological
information in a window is concentrated away from the
edges. If we were to work with disjoint windows, our
local segmentation would provide very little topologi-
cal data about points on the boundaries of the windows.

With large enough overlaps and large enough windows
however, each point is positioned close to the center
of some window, making local-to-global reconstruction
possible.

Now we make concrete the notion of “consol-
idating” overlapping segmentations. Concretely, say
we have two adjacent, overlapping windows W , W ′

with segmentations respectively containing m and m′

persistent regions. The key task is to determine which,
if any, pairs of regions correspond. Define the matrix
Im×m′ such that Ii,i′ is the number of pixels in W ∩W ′

which belong to both region i in W and region i′ in
W ′.

Then to determine whether regions i and i′ corre-
spond, we simply check whether

Ii,i′∑m′

j′=1 Ii,j′
≥ λ,

Ii,i′∑m
j=1 Ij,i′

≥ λ

for some appropriately chosen λ, that is to say, the
fraction of pixels in region i that are in regions of W ′

other than i′ is extremely small, and vice versa.
With this in mind, we can reconstruct a global

segmentation by starting with a local segmentation at
the top, leftmost window and building up the global
segmentation by propagating down and to the right,
each window contributing a small amount.

Formally, if λ is the factor of overlapping, S denotes
our final segmentation matrix, and w, h denote the
width and height of the map, write a = W (1 − λ)/2
and b = W (1+λ)/2. Our reconstruction is detailed in
1:

IV. RESULTS

Unfortunately, as the collection of maps available at
http://gis.atlantaga.gov/apps/lots/ is not hand-annotated
with features like total number of regions, there is no
efficient way to evaluate how a standard map segmen-
tation algorithm compares to this work’s relative to
ground truth. That each of these maps is also rather
large (on the other of 7000× 6000 pixels) makes this
sort of comparison even more unrealistic.

Instead, we will hone in on a couple of sample
inputs and explain some of the qualitative features and
shortcomings of our segmentation algorithm.

Consider the input in Figure 3. This was broken
down into a 5 × 5 grid of windows overlapping with
factor 1/4. While our segmentation algorithm did a
good job for the most part in classifying the regions on
the left half of the page, two issues immediately stand
out: 1) the roads are completely wrong and the regions
around the road are not as consistently well detected,
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Algorithm 1 Local-to-global reconstruction

for i = 1 to w/(Wλ) do
for j = 1 to h/(Wλ) do

Say regions r1, ..., rk in Wi,j are associated with
regions r`1, ...r

`
j in Wi−1,j and ruj+1, r

u
k in Wi,j−1

Mi,j[p1, p2] := rdi for each i and (p1, p2) ∈ ri
and appropriate d ∈ {u, v}.
if 1 < i < w/(Wλ) then

colrange(i, j) := (i+ a : i+ b)
else if i = 1 then

colrange(i, j) := (1 : b)
else

colrange(i, j) := (i− b+ 1, i)
end if
if 1 < j < h/(Wλ) then

rowrange(i, j) := (j + a : j + b)
else if j = 1 then

rowrange(i, j) := (1 : b)
else

rowrange(i, j) := (j − b+ 1, j)
end if
Set chunk Ci,j of S to be

Mi,j[colrange(i, j), rowrange(i, j)]

end for
end for

Fig. 3: Input to and output of segmentation algorithm

2) the third column of regions, particularly around the
top-right corner was segmented quite poorly.

Zooming in on the window W2,2 which has the
road “Garfield Way” running through its center, we
see in Figure 4 that our text detection algorithm failed
to completely remove the road name. As a result, in
the local segmentation, the gap between “Way” and
“Garfield” was interpreted as a region in its own right
(shown in red). As a remark, the segmentation in W2,2

otherwise went according to plan more or less, as none
of the blue regions are bounded by a fully closed

contour, and the only regions that are bounded by
a closed contour were indeed detected as persistent
regions.

Fig. 4: Explanation of artifacts found on “Garfield
Way”

We run into identical issues with “Roosevelt Drive”
on the bottom of the map and with the disappearnce
of plot 3532 from our segmentation.

On the other hand, the regions in the top-left corner
of the map in Figure 3 are not bounded by closed
contours explaining why they were absorbed into the
red region in the top-left of our segmentation.

As for the faulty segmentation in the top right-hand
corner, we observe what seems to be a failure on the
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part of our reconstruction algorithm to patch together
persistent regions in different windows. The reason for
this failure is simply that plot number 3440 in the top-
right corner is also not bounded a closed contour and
thus doesn’t actually belong to any persistent region.

V. CONCLUSION

While the accuracy of our segmentation algorithm
in detecting consistently shaped, relatively noise-free
regions like the rectangular regions in the cadastral
maps we used is promising, it is a bit too sensitive to
noise, e.g. unremoved text pixels, and as a result we
have to compensate by lowering the criteria for the
kinds of pixels we filter out.

A relatively straightforward direction for immediate
future work would be simply to lessen the noise that
our text remover leaves behind. After all, this is easily
the part of our pipeline with the greatest room for
improvement. One of the issues with our detection
algorithm was that the parameters were selected man-
ually without conducting any exhaustive searches over
the parameter space, something we hope to remedy
in future iterations. Another issue was that computing
HoG descriptors for every pixel of an image was a bit
too costly both in space and time given the sheer size
of the maps we were dealing with.

As we chose the algorithm in [11] for text detection
primarily for its simplicity, however, it might be more
productive to consider other potentially more powerful
approaches like the ones mentioned in the introduction,
e.g. the algorithm of Fletcher and Kasturi [4], con-
nected component analysis processing lines and text
simultaneously, etc.

With respect to employing other topological meth-
ods, one of the original intentions of this project was
to add another layer to this pipeline for achieving
character recognition using techniques introduced by
Collins et al. in [2], drawing upon ideas in both alge-
braic topology and differential geometry to construct
a descriptor for curved shapes. The complex they
associate to a point cloud P is the tangent complex
consisting of the fibers of each point in the bundle
of tangent spaces over P , and the “scale” ε that they
filter by is the curvature of each point x ∈ P . With
this descriptor, they are able to implement a character
recognition algorithm for classifying a small subset
of the letters of the alphabet. As the regions in the
cadastral maps we are interested in are annotated by
numerical data, a natural next step would be to imple-
ment a digit classifier using Collins et al.’s approach.
Some of this code has already been written, but the

code for computing the persistent homology of the
filtered tangent complex using the algorithm of [19]
is incomplete.

All of the code for this project can be found at https:
//github.com/sitanc/digimap.
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